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MON TOAN
Thoi gian lam bai : 180 Phut

x2+y2+8i=16

Céu 1 (2,0 diém). Giai hé phuong trinh: X+y

Jxry=xt-y
Ciu 2 (2,0 diém). Goi u la nghiém duong ctia phuong trinh  x? +x—-4=0. Xét da thic
P(x)=ax"+a, X" +...+a, V&i n nguyén duong va a, ty nhién thoa man P(u)=2021.
Chang minhrang a,+a, +...+a_ 1é

Cau 3 (3,0 diém). Cho tam giac ABC, diém D trén canh AB, mét dudng tron (O) qua C,D, khong tiép
xtuc AC va BC. Biém M, N la giao cia BC va AC véi (O).

1) Chtng minh rang ton tai mot duong tron (S) tiép xuc véi DM tai M va DN tai N

2) Gia st (S) cit BC tai P khac M, AC tai Q khac N. Chimg minh d¢ dai MP va NQ khang phu

thudc vao vi tri cua duong tron (O)

Cau 4 (1,5 diém). Chtrng minh véi moi s6 nguyén duong m 16n bat ky, ton tai sé n nguyén duong sao

cho trong biéu dién thap phan cia 5" chua it nhat m s6 0 lién tiép

Cau 5 (1,5 diém). V&i mdi so tu nhién n>4, ky hiéu t. 1a s nho nhat cac tap hop con 3 phan tir cia
tap hop S, ={1,2,3,...,n} sao cho tap hop con gdm 4 phan tir ty y caa S, ludn chira it nhat mot trong

cac tap hop con 3 phan tir nay.

1) Chang minh t, =6

2) Chang minh rang t, Z%CS.
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x2+y2+8ﬂ:16

Cau 1. Giai h¢ phuong trinh: X+y
Xy =x'-y

Loi giai:

* Pidu kién: x+y>0

(1) <:>(x2+y2)(x+ y) +8xy =16(X +y)

<:>[(x+ y)2—2xy}(x+ y)—16(x+y)+8xy =0

< (x+Y)? —16(x+y) —2xy(x+Yy)+8xy =0

< (X+ y)[(x+ y)2—16]—2xy(x+ y—4)=0

< (X+y-4)[(x+y)(x+y+4)-2xy]=0

X+y—-4=0
X2+ y?+4(x+Yy)=0

T (3) = x+y=4, thé vao (2) tadugc X2 +x—-4=2< x> +x—-6=0

X=-3=>y=7
X=2=y=2

(4) v nghiém vi x*+y?>>0 va x+y>0.

Vay hé cé hai nghiém la (=3;7);(2;2)

Cau 2. Goi u la nghiém duong cua phuong trinh  x* +x—4=0. Xét da thirc
P(x)=a,x"+a, X" +..+a, V6i n nguyén duong va a, tu nhién théa mdn P(u) =2021.
Chang minhrang a,+a, +...+a_ 1é

Loi giai:

Gia st P(x) =Q(X)(x* +x—4)+ax+b vai Q(x)eZ[X] va a,be Q

Ta dugCc au+b=2021 nén a=0 va b=2021 (dougQ)

Vi P(X) = Q(X)(X* + X —4) +2021 nén P(1) =2021-2Q() l&.

Cau 3. Cho tam giac ABC, diém D trén canh AB, mot duong tron (O) qua C,D, khdng tiép xtc AC va
BC. biém M, N Ia giao cua BC va AC vai (O).

a) Chirng minh rang ton tai mot dudng tron (S) tiép xdc véi DM tai M va DN tai N



b) Gia sir (S) cat BC tai P khac M, AC tai Q khac N. Chimg minh d6 dai MP va NQ khdng phu
thudc vao vi tri caa duong tron (O)

Loi giai:

Q

a) Gia st dudng thang qua M vudng goéc DM cit duong thang qua N vudng goc vai DN tai X. Khi
do6 tir giac XNDM noi tiép nén 5 diém X,N,D,M,C thuoc mot duong tron. Ta co
/X, =/C, =/C,=/X,. Tlr d6 hai tam giac XND va XMD bang nhau, suy ra XM=XN.

Puong tron tam X, ban kinh XM tiép xdc DN tai N va DM tai M. DBiéu phai chang minh
b) Chu yéu la tinh toan

Cach 1. aAXCM =aXCQ Vi ZXQC = ZXNC = ZXDC = ZXMC va
ZXCQ = ZXCP + £PCQ = ZXCN + ZNCM = £XCM . Ta dugc CM =CQ. Tuong ty CN =CP. Tu d6

MP = MC +CP = QC +CN = NQ nén ta chi can chitng minh MC +CN khong doi.
That vay: Ap dung dinh Iy Ptoleme cho t& giac noi tiép MCND c6

MC.ND +MD.NC = CD.MN . Ma DM=DN nén MC + NC = C[[))"'\\A"N

Mat khac N _ o MK _ 505 S ¢6 dinh nén ta 6 didu phai ching minh.
MD MD 2



e Chay: Céch lam nay phu thudc chat vao hinh v&. C6 thé vai thé hinh khac, s& chirng minh
IMC-CN| khong ddi, nhung van st dung duge dinh ly Ptoleme cho ti giac ni tiép tao boi 4

diém M,C,N,D
Céach 2.
co XN _sin NDX :sin(léNDM):sinléNCM la hing s6. Ma XD__ 1 1 1yda6XNch
XD 2 2 CD cosCDX ;,C

dinh. Ma ZNXQ =2-C nén QN cé dinh. Diéu phai chitng minh.

Cach 3.
aXNQ ~aIDC nén NQ _ XN 1y hang sé. Piéu phai ching minh
CD XD

Cau 4. Chang minh v&i moi s6 nguyén dwong m 16n bat ky, ton tai 6 n nguyén duong sao cho trong
biéu dién thap phan cua 5" chua it nhat m s 0 lién tiép

Lot giai:

Ta thay ring véi s >1 bat ki, thi ludn c6 5% —5' =5' (525 —1)
Mt khdcv, (5° ~1) 2 v, (2°) =5

do vay tasuy ra 5"% =5'( mod10'), véi moi s >1.

Gia sir 5' = x,x,...x, (cO k chir sb)

Chon I >m+k va s>I thi 52 —5' ¢6 dang A00...0 véi s6 s6 0 nhiéu hon m+k.

Do d6 5"% = A00...0x,X,...x, cO nhiéu hon m chir s6 O lién tiép.

Cau 5. V4i mdi s6 ty nhién n>4, ky hiéu t, 1a sé nho nhat cac tap hop con 3 phan tir cia tap hop
S, ={1,2,3,...,n} sao cho tap hop con gom 4 phan tir tdy y cua S, ludn chira it nhat mot trong cac tap
hop con 3 phan tir nay.

1) Chang minh t, =6

2) Chting minh rang t, z%cj’.

Loi giai:

1) Ta thay ho 6 tap con gém 3 phan tur {1, 2,3}.{L 2,4}.{3,4,5}.{3,4,6}.{L, 5,6} {2,5,6}

c6 tinh chat 1a moi tap con 4 phan tir ciia S, déu chira it nhat mot trong ching nén t, < 6. Mat khéc, xét
mét ho 5 tap hop con 3 phantir A, A, A, A, A tly Y.



Theo nguyén ly Dirichlet thi ton tai it nhat mot phan tir p coa S, c6 mat trong it nhét {3—;}1:3 tap

hop con nay. Nhu vay, néu xét tap hop 5 phan tr S, \{p} thi trong A, A,, A, A,, A, chicd nhiéu nhat
5-3=2 tap con 3 phan tir khong chia p, ky hiéu la A, B. Dé thdy ANB = (néu khong thi AUB c6
6 phan tw, vO ly) va véi q la phan te chung cia AnB thi S;\{p,q} la tdp con gom 4 phan tir khdng
chira bat bat ky A lam

tap hop con, suy ra t; >6.
Do ddtacod t;=6.

2) Do t, =1 va t_ khong thay doi khi thay S, bai tap hop gom n phan tir tly ¥ nén ta s&

chang minh t_ > %Cf bang quy nap.
. N 1 .,
Voi n=4thit,>=C,
4

1
n+1 2 ZCr?ﬂ

Giasu t, zicj’ dung v6i n >4, ta s€ chiing minht

Xét ho t ., cac tap hop c4c tap hop 3 phan ti thoa méan diéu kién dau bai 12 mot tap hop 4 phan te tiy v
lubn chira mot trong chiing. Bo di mot phan tar p tly y trong S
tir thoa man didu kién 1a mot tap hop con 4 phan tir cua S
nay va do d6 sd tap hop con 3 phan tir con

n+1
.., ta.con tai mot s6 tap hop con 3 phan
\{p} ludn chira it nhat 1 trong céc tap con

n+l

lai khong it hon t,
~ A A - A A 9 A z. A 3t 1 A 3t +1
Vi ludn ton tai mot phan to p thugc it nhat — tap hop, suyrat , ——>t .
n+1 n+1

3t ., 1 ., 1
——ml>"C’hayt  >-C
n+l n+1 4 n y n+1 4 n+l

Ap dung gia thiét quy nap la t, > %Cj, ta co ngay t



